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More Taylor Series

Estimating Error




What is the closed form of the Maclaurin series for
eX?

sinx?

COSX?




Graph the absolute value of the difference
between the actual function and the
polynomial function estimate.
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What is this graph showing?
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at are the 2 sources of error in a

Tavlor/Maclaurin approximation?

e The number of terms (degree) of the polynomial
(The fewer terms you have, the higher the error)

» How far the x-value is from the center point

(The farther away from the center point, the higher
the error)

» Errors are specific to the x-value

you are evaluating. Change the x-
value and you need to recalculate
the error.




Taylor series are used to estimate the value of functions (at

least theoretically - now we can usually use the calculator
or computer to calculate directly.)

An estimate is only useful if we have an idea of how
accurate the estimate is.

When we use part of a Taylor series to estimate the value of
a function, the end of the series that we do not use is called
the remainder. If we know the size of the remainder, then we
know how close our estimate is, or we can find a bound on
our estimate (that is, the maximum size of error).

/f(x) =T, (x)+R, (x)\

Exact Value Remainder (error)

Approximate Value

- -/




Today’s Objectives

We have focused on

polynomial.

finding the approximating
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Today we study the
remainder (error).

1. etefmine
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2. Find the maximum size of the remainder using Lagrange remainder
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Taylor's Theorem with Remainder
If / has derivatives of all orders in an open
interval / containing a, then for each positive
integer n and for each x in I:

f(x)Zf(a)Jrf'(a)(x—a)+f,(a)(x—a)2+ A (a)(x—a)“rfﬁ(x)

2! n!

[THNT;

Notice that there is an "=" sign, notan "~ *
sign because now, the Remainder represents

the rest of the series.

Remainder
after partial

a and Xx.

—

sum S, where
c is between




Lagrange Form of the Remainder #

T | ooks likenexd ferm
Al C)f\ oF Taylor poly
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If M is the maximum value of f("“) (x) on the interva
between ¢ and x, then:

Remainder Estimation Theorem

Note that this is the
M formula that is in our

R (x)‘é (n+1)!|x—a| book.

S000000....we will frequently be seeking to bound the
n+1st derivative value at ‘c’l That will be key...
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What's the difference?

The value you use for the derivative.

/

R, (x)

fr+1) ™~
)

_aml < AS x_a”H
(n+1)!( ) |R”(j (n+1)!k )

\-

» Miis the largest value for the (n+1)
" derivative on interval [a,x]
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Note on Notation

Is sometimes written as

n+1
‘ ) |n+l
n +1
Where c is a value in the interval [a,x] that maximizes the value of f
o ® ®
a (o} X

x-value you are evaluating

Center of series

\_

1+l

/
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f(fm) (C) n This is called the error
R, (x)‘ <" (x—a) bound on the LaGrange
(7+1)! Remainder. We will try to
Find a positive real number
If successful, then E that lies above it.
R, (x)|<E

And since f(x)=P (x)+R (x)
Then f(x)-F,(x)=R,(x)

And | £(x)— P, (x)| =

R (x)|<E

~E< f(x)-P.(x)<E

So the Taylor Polynomial at ‘x’ is within E of the true value f(x)

13



When given a problem involving error bounding on a non-alternating
series:

« Write the general LaGrange Remainder. Then put the specifics for the
problem at hand in (n+15" derivative at ¢, n+1, (x-a)™?).

« Focus on the n+1°" derivative and at what point ¢ between the center
and x it would be largest in value.

lsT

e Bound the LaGrange Remainder using the bound on the n+1°" derivative

at your chosen c value.,

« If asked to find an estimate accurate to k decimal places, this means
error must be bounded by 5x10 ™" (so accurate to 3 decimal places
means error is less than 0.0005).

« If possible after determining error bound, determine actual error to
see if your bound bounds it. Also think about the situation graphically; it
will aid your understadning of what you are doing.
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