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We have conjectured many
lovely things in calculus
recently.

But the loveliest of these things
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2. The graph of y = f {x) is shown n
the figure at right. Assume that the
function y = fix) represents the

3
5
4
number of sales of an innovative it
calculus workbook in its first  ~ osldc21 - : ;
several years. Note that this |s—(—0% . AW
the graph of the derivative T3 5 4
of f, not the graph of the -1 :
function f itself. -2
a. What doesf ' represent in this =1

situation? - ar
b. Estimate for whi }'Barlig— sales were at a maximum. Explain.
c. Estimate for which year(s) the least number of workbooks were sold?
Explain. \Ousovs o |+
23 d During which year(s) were the sales increasing most rapidly? Explain.
e. If you were the publisher, would you have chosen to carry the workbook
for the number of years represented in the graph? Explain.

3. Consider the graphs of functions fi through fs which follow. For each function SKETCH THE FUNCTIONS

3¢ 2. sketch the graph of s d.cm'vmima,~7I ) WHOSE DERIVATIVES
skeich the f a function for whiththis function is the derivative. an
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What are the units of m'?
bleeb:

300’(

The cost to produce w cars can be expressed as
C=f(w). Using units, explain the meaning of the following
statements in terms of cars.

£(20)=100000
“The codl 4o lyodm)co. 20 cars ¢ li;\DD\DDO

f'(20)=3500 alternative notation
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INTERPRETATIONS OF THE DERIVATIVE

The cost of extracting T' tons of ore from a copper mine iz ' = f{17) dollars. What does it mean to

say that f'(2000) = 1007

In the alternative notation,

dl
T

£'(2000) = = 100.

I'=2000

Since ' is measured in dollars and 1" is measured in tons, dC'/dT" must be measured in dollars per
ton. So the statement {2000} = L0 says that when 2000 tons of ore have already been extracted

from the mine, the cost of extracting the next ton is approximately $100/MOre.

If g = fip] gives the number of pounds of sugar produced when the price per pound 13 p dollars,

then what are the units and the meaning of the statement f'{3) = 507

Since f'(3) is the limit as it — () of the difference quotient

Fi3+h) = Fi3)
h '

the units of f'(3) and the difference quotient are the same. Since f{3 + i) — f(3) is in pounds and

h is in dollars, the vnits of the difference quotient and f'(3) are pounds/dollar. The statement
131 = 50 pounds/dollar

tells us that the instantaneous rate of change of g with respect to p 1s 50 when p = 3. In other
words, when the price 1z 53, the quantity produced is increasing at 50 pounds/dellar. Thus, if the

price inereased by a dollar, the gquantity produced would increase by approximately 50 pounds.

You are told that water is flowing through a pipe at a constant rate of 10 cubic feet per second.
Interpret this rate as the derivative of some function.

You might think at first that the statement has something to do with the velocity of the water, but in
fact a flow rate of 10 cubic feet per second could be achieved either with very slowly moving water
through a large pipe, or with very rapidly moving water through a narrow pipe. If we look at the
uaits—ocubic feet per second—we realize that we are being given the rate of change of a quantity
measured in cubic feet. But a cubic foot 15 a measure of volume, so we are being told the rate of
change of a volume. One way to visualize this is to imagine all the water that is flowing through the
pipe ending up in a tank somewhere. Let V'(f) be the volume of water in the tank at time ¢. Then we
are being told that the rate of change of 1'( t] 13 10, or

3

Suppose P = f(t) is the population of Mexico in millions, where ¢ 15 the number of vears since
1980). Explain the meaning of the statements:

(a) f'(6) =2 () f1(95.5) = 16 (©) (F1)(95.5) = 0.46

(2) The units of I are millions of people, the vnits of ¢ are yvears, so the vmts of f'(f) are millions
of people per vear. Therefore the statement f'(6) = 2 tells us that at t = G (that is in 1980), the
populaticn of Mexico was inereasing at 2 million people per year.

(t) The statement f~'{95.5) = 16 tells us that the vear when the population was 95.5 million was
t = 16 (that is, in 1996).

{c} The units of the derivative ( f ~')'{ P} are years per million of population. The statement { f ~)'(95.5) =

(.46 tells us that when the population was 95.5 million, 1t took about (.46 vears for the popula-
tion to increase by 1 million.




Exercises

1. The temperature, £, in degrees Celsins, of a cup of cof-
fee placed on the kitchen counter 1s given by & = f{1),
where { 15 in mumites since the coffee was put on the
counter.

(a) Is f'(t) positive or negative? Give a reason for your
answer.

(b} What are the wmits of f'(20)7 What 1s 1ts practical
meaning in terms of the temperature of the coffee?

- The temperature, T', in degrees Fahrenheit, of a cold vam
placed in a hot oven s gven by T = f(t), where { 1s
time n nunutes since the vam was put in the oven,
(a) What is the sign of f'(1)? Why? 4 |perquk e on i"‘("
(b) What are the wnits of f{20)2 15 the practical

meaning of the statement f'(20) = 27

0 X
¥

. The cost, ' (in dellars) to produce 4 gallons
*ca.n be expressed as O = fly). Using wmits,
the meaning of the following statements in terms of ic

°F

CTEam. -
(a) f(200) = 350 ) f{200) =1.4 Mmin

4, Th; t@e fm'fa h{jemiu:al rea;tinn, 1]' {in mim:tea).(iii Pa\'k\‘ ZO m{:\\)“f S, . _\_
a fimction of the amount of catalyst present, a (i _\, + ¢ o am ‘\S Lhe A

mulliliters), so T = fia). °
{a) If f(5) = 18, what are the units of 57 What are the (2N ‘-C\‘\- ¢ o '(\ 2 F/

nmtz of 187 What does thiz statement tell us about :

the reaction? m \ A\
(b) If f'(5) = —3, what are the wmts of 57 What are the

nmtz of —37 What does thiz statement tell us?

L]

. After investing $1000 at an anmual mtersst rate of 7%
compounded contimuously for ¢ years, your balance is
58, where B = f(t). What are the units of dB /dt?
What 15 the financial interpretation of 4.5 /dit?

6. Investing $1000 at an annual mterest rate of +%&, com-
pounded continuously, for 10 years gives you a balance
of $8, where B = gi{r). Give a financial interpretation
of the statements:

(a) g{5) = 1649,
(b) 4'(5) = 165. What are the unts of ' (5)7

What 13 its sign?
8. Suppose (1) is the monthly payment, m Aollars, on a C!l V.

mortgage which will take ¢ years to pay offf What are the ({‘-‘ )
mits of '(#)? What iz the practical mg of /()7

* What 13 its sign?
Let f(x) be the elevation mn feet of the ¥ississippi river & X
miles from its spurce. What are the wfiis of f*{2)7 What .Q (M i ‘p M Sody (l)

7 4}

can you say about the sign of f'(x)7T)e N2

- An economist 1s interested m how the price of a certain
item affects its sales. At a price of $p. a quantity, ., of the
itemn 1s sold. If ¢ = f(p), explam the meaning of each of
the following statements:

(a)  fi150) = 2000 by f150) = =25
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(a) If you jump out of an airplane without & parachute,
vou fall faster and faster until wind resistance causes
vou to approach a steady velocity, called the fermi-
nal velocity. Sketch a graph of your velocity agamst
fime.

(b} Explain the concavity of your graph.

(c) Assuming wind resistance to be neghgible at ¢ =
0, what natural phenomenon 1s represented by the
slope of the graph at¢ = 07

g0 =

A company’s revemue from car sales, ¢ (in thonsands of
dollars), 15 a fimchion of advertising expendifure, a. n
thonsands of dollars, so O = f(a).

(a) What does the company hope is true about the sign
of 7

(b} What does the statement f' (100} = 2 mean m prac-
tical terms? How about f'(100) = (.57

() Suppose the company plans to spend about
100,000 on advernsing. If f'(100) = 2. should
the company spend mere or less than $100,000 on
advertising? What if {100} = 0.57

Let P[] be the number of people of height < & mches

in the US. What iz the meaning of *'(66)7 What are

its units? Estimate P'(66) (using common zense). Is

() ever negative? [Hint: You may want to approxi-

mate *'(66) by a difference guotient, using & = 1. Also,

17/ If g(w) 15 the fuel efficiency. in miles per gallon. of &
car gomg at v miles per howr, what are the units of ‘
g (90)? What is the practical meaning of the statement | (, F

Do 2.5 Exercises for
Thursday (skip #17)
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